Abstract. We consider the chiral Lagrangian with a nonet of Goldstone bosons and a nonet of light vector mesons. The mixing between the pseudoscalar mesons η and η is taken into account. A novel counting scheme is suggested that is based on hadrogenesis, which conjectures a mass gap in the meson spectrum of QCD in the limit of a large number of colors. Such a mass gap would justify to consider the vector mesons and the η meson as light degrees of freedom. The complete leading order Lagrangian is constructed and discussed. As a first application it is tested against electromagnetic transitions of light vector mesons to pseudoscalar mesons. Our parameters are determined by the experimental data on photon decays of the ω, φ and η meson. In terms of such parameters we predict the corresponding decays into virtual photons with either dielectrons or dimuons in the final state.
Introduction
An open challenge in hadron physics is the development of effective field theories describing strong interactions in hadronic reactions and decays, see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . For the energy region where only the Goldstone bosons participate, the dynamics can be successfully described by chiral perturbation theory, however, only close to threshold [1] [2] [3] 16] . For higher energies coupled-channel unitarity plays an increasingly important role and approaches that rest on the chiral Lagrangian, but perform partial summation as to recover coupled-channel unitarity, are quite successful (see e.g. [17] [18] [19] [20] [21] ). Though there is some dispute in the literature as to the rigor of such approaches they appear to be highly predictive and grasp the right physics. Yet, for higher energies hadronic resonances like the ρ, ω, K * and φ mesons are known to be relevant degrees of freedom.
Though it is well known how to incorporate more massive degrees of freedom into the chiral Lagrangian, it is unclear how to organize systematic applications. The key issue is the identification of an optimal set of degrees of freedom in combination with the construction of power counting rules. In a previous work two of the authors suggested a novel counting scheme for the chiral Lagrangian which included the nonet of light vector mesons [13] . It is based on the hadrogenesis conjecture and large-N c considerations [18, [22] [23] [24] [25] . Here and in the following N c denotes the number of colors [26, 27] . So far the scheme suggested in [13] has been applied successfully at tree level in [28, 29] and in a coupled-channel framework in [21] . Whether it leads to a fully systematic effective field theory is an open issue.
Our current work should be seen in the context of the recently developed summation scheme [20] . While at low energies a strict perturbative application of the chiral Lagrangian is applicable, as the energy increases this is no longer true. In order to reach the resonance region an analytic extrapolation has been performed in [20] that is stabilized by the unitarity constraint. This leads to a controlled approximation of scattering amplitudes in the resonance region since the analytic continuation is based on conformal expansions that can be proven to converge uniformly in the resonance region. The important point is that such an extrapolation is possible with the knowledge of the subthreshold scattering amplitude, which is accessible in a conventional perturbative application of the effective Lagrangian.
In this work we attempt a generalization and further systematization of the counting rules proposed in [13] . The prime objective is the incorporation of the η meson and the derivation of a more transparent method to predict for a given interaction the proper order in the power counting. In particular we offer an explicit realization of the naturalness assumption for the counter terms as is implied by the characteristic mass gap expected in the hadrogenesis picture [18, [22] [23] [24] [25] . The generalized counting rules will be tested against hadronic and electromagnetic two-and three-body decays of the pseudoscalar and vector mesons. After a successful determination of the relevant parameter
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set we provide quantitative predictions for the processes ω → π 0 l + l − , ω → η l + l − and φ → η l + l − with l = µ, e and the processes φ → η e + e − and η → ω e + e − . The work is organized as follows. In section 2 we construct the chiral Lagrangian with vector mesons and the η meson. After a primer on large-N c QCD we discuss the naturalness assumption based on the hadrogenesis conjecture and its associated mass gap. The complete leadingorder Lagrangian is presented. In section 3 we work out the application to the electromagnetic transition form factors of vector to pseudoscalar mesons.
The chiral Lagrangian
The construction rules of the chiral U (3) Lagrangian relevant for mesonic systems are readily presented. For more technical details see for example [6, 7, 9, 10, 30, 31] . The basic building blocks of the chiral Lagrangian are
where we include a nonet of pseudoscalar-meson fields Φ(J P = 0 − ) and a nonet of vector-meson fields in the antisymmetric tensor representation Φ µν (J P = 1 − ). The classical source functions r µ and l µ in (1) are linear combinations of the vector and axial-vector sources of QCD with r µ = v µ +a µ and l µ = v µ −a µ . The merit of the particular field combinations as displayed in (1) 
Since we will assume perfect isospin symmetry it is convenient to decompose the fields into their isospin multiplets,
with for instance the rho triplet ρ µν = (ρ
µν , ρ
µν ) and the kaon doublet Explicit chiral symmetry-breaking effects are included in terms of scalar and pseudoscalar source fields χ ± proportional to the quark-mass matrix of QCD
where
. Similarly, we introduce a pseudoscalar flavor-singlet field
The chiral Lagrangian consists of all possible interaction terms, formed with the fields U µ , Φ µν and χ ± , f ± µν , H and their respective covariant derivatives. Derivatives of the fields must be included in compliance with the chiral U (3) symmetry. This leads to the notion of a covariant derivative D µ which is identical for all fields in (1) and (4). For example, it acts on the χ ± fields as follows
The covariant derivative of the flavor-singlet field H reads
The chiral Lagrangian is a powerful tool once it is combined with appropriate counting rules leading to a systematic approximation strategy.
Scale separation in the hadrogenesis conjecture
The chiral Lagrangian consists of an infinite number of interaction terms with an infinite number of a priori unknown parameters. Without an estimate for the relevance of each term the Lagrangian is not predictive. This is where counting rules play a decisive role in an effective field theory. On the one hand, they should predict the relative importance of an interaction term. On the other hand, a counting scheme should provide a guide how to approximate a reaction or decay amplitude given a truncated Lagrangian.
The key issue for the success of an effective field theory is a separation of scales. The goal is to identify soft versus hard scales and expand in ratios of soft over hard scales. In the following the generic soft scale will be denoted by Q. In an effective field theory that is strictly perturbative the identification of the two scales is straightforward. In chiral perturbation theory the Goldstone boson masses together with their four-momenta are the soft scales. The hard scale is the mass of the lightest degree of freedom that is not part of the Lagrangian. The Lagrangian can be ordered according to the number of derivatives involved in a given interaction term. The dimensionful parameters scale with inverse powers of the hard scale. This is called the naturalness assumption, any effective field theory rests on.
The identification of the characteristic scales is more intricate for an effective Lagrangian that is to be used in non-perturbative applications, like coupled-channel approaches [17] [18] [19] [20] [21] . For instance, a unitarization of the chiral Lagrangian formulated with Goldstone bosons only, generates scalar mesons dynamically. We consider the masses of the scalar mesons as dynamically generated scales which should be discriminated from the characteristic hard scale of the Lagrangian. In our case the mass of the lightest degree of freedom not part of the Lagrangian must be larger than the mass of the scalar mesons. Given an effective Lagrangian, the possible presence of dynamic scales makes the identification of the characteristic hard scale a difficult problem. Progress may be possible by a suitable assumption which then needs to be scrutinized. Such an assumption is the hadrogenesis conjecture, which bets on the only relevance of pseudoscalar and vector meson fields in the chiral Lagrangian [18, [22] [23] [24] [25] . Since such a Lagrangian is expected to generate the rest of the meson spectrum dynamically, the characteristic hard scale is then significantly larger than the vector-meson masses.
The chiral Lagrangian with dynamical vector-meson fields has been studied in some detail [4-7, 9, 11, 14, 15] . In particular, it was shown that the leading-order interaction of the vector mesons with the Goldstone bosons generates a quite realistic spectrum of axial-vector resonances [18] . A first attempt to provide a systematic ordering of the interaction terms according to their relevance was proposed by two of the authors in [13] .
Hadrogenesis, if valid, has a specific implication on the meson spectrum in the large-N c limit of QCD. Since the effective Lagrangian includes pseudoscalar and vector mesons only, we expect the large-N c meson spectrum to exhibit a sizable gap. For instance, in the limit of a large number of colors, the lowest J P = 0 + , 1 + , 2 ± states should have masses much larger than the lowest
± states would then be generated dynamically in terms of the pseudoscalar and vector meson fields. The large-N c states are integrated out and set the hard scale Λ hard of the effective Lagrangian. In turn it may be justified to consider the masses of the J P = 0 − , 1 − states as soft scales Q and 1 To the best of the authors' knowledge, the only stringent fact that can be deduced from QCD in that limit so far is the existence of an infinite tower of sharp states. The masses of those states are unknown at present. To this extent our assumption of a possible mass gap in that spectrum is not in contradiction to large-Nc QCD.
spectrum at large N c hadrogenesis conjecture insist on the counting
with m P and m V the typical mass of a pseudoscalar or vector meson, respectively. The counting (8) relies on a sufficiently large characteristic hard scale
which identifies the natural size of dimensionful parameters in the chiral Lagrangian. In Fig. 1 a possible spectrum of QCD in the large-N c limit is shown. While the lowest pseudoscalar and vector mesons are close to their physical masses, the lowest scalar, axial and tensor states may have significantly larger masses. The mass gap is characterized by the hard scale
which is finite as N c approaches infinity. Note that such a spectrum does not contradict Weinberg's sum rules [32] . Our picture would, however, invalidate a frequent assumption that in the large-N c limit such sum rules can be saturated by few low-lying states only.
Though at large N c loop effects are naturally suppressed, it is a nontrivial task to see how this is realized in terms of the characteristic scales of the system. In the present work we will focus on the systematic truncation of the chiral Lagrangian. Detailed investigations of loop effects and renormalization issues will be presented in forthcoming studies.
Primer on mesons in large-N c QCD
A striking consequence of QCD in the large-N c limit is the suppression of n-body forces [26, 27] . A vertex with n meson lines scales with
The simplest application of (11) is the wave-function normalization, f P or f V , of a pseudoscalar or vector meson
with the anti-quark field operatorq(x) = (ū(x),d(x),s(x)). The spin-1 wave function ε µ (q, λ) carries momentum q, polarization λ and mass m V . It holds
In the chiral Lagrangian there will be corresponding treelevel terms
which couple the pseudoscalar and vector meson fields to the external axial and vector source functions a µ and v µ . A matching of (14) and (12) shows that f P = f describes the transition of the axial-vector current to the octet Goldstone-boson states and f P = f H the corresponding transition to a singlet state. In the strict large-N c limit [10, 33] one expects f = f H . This illustrates the suppression of terms with multiple flavor traces. A further application of (11) with n = 2 leads to the known scaling of meson masses, as exemplified in (13) for the vector mesons and in (10) for the masses of the highenergy large-N c states. This implies that in general meson masses are not small in the limit of a large number of colors. Yet, there is one important exception related to the axial anomaly of QCD. The η mass vanishes in the combined large-N c and chiral limit [34] . Following [10] we consider
where G µν denotes the gluon field strength, g the QCD coupling constant and 'tr' the color trace. Note that τ has mass dimension four and scales with τ ∼ N 0 c . The nonvanishing of τ is a result of the U A (1) anomaly of QCD and introduces the typical mass scale
which is related to the η mass in the large-N c limit. According to Witten [34] and Veneziano [35] the following relation holds in the chiral limit
with the number of flavors N f = 3. At physical values N f = N c = 3 we may identify the anomaly scale m H with the η -meson mass. While the masses of the pion, kaon and eta mesons are small because of the small up, down and strange quark masses, the η mass is 'small' because it vanishes at large N c . Even though the ratio
vanishes in the large-N c limit, the empirical masses give a ratio larger than one. The physical world does not always directly reflect the large-N c scaling laws (10, 13, 17) . This illustrates that the transition from an infinite to the physical number of colors in QCD is intricate and subtle. As we lower N c down to its physical value, N c = 3, the clear scale separation conjectured in Fig. 1 is blurred. Scales that are large as compared to Λ hard , as, e.g., f P,V , may turn semi soft as the number of colors decreases.
Naturalness assumption in the vector-meson sector
In order to build the chiral Lagrangian with transparent N c -scaling behavior it is useful to introduce a dimensionless vector-meson field
which has a seed for the suppression factor (11) . As a consequence, any single-trace contribution
to the effective Lagrangian has the correct large-N c scaling behavior. Here n d denotes the number of derivatives D µ and n V the number of vector-meson fields V µν . For clarity the Lorentz indices have not been displayed explicitly in (20) . It is not quite immediate how to determine the effective order Q of a given term in the chiral Lagrangian. For the sake of clarity we focus first on interaction terms involving vector-meson fields only. The general strategy is to ensure the suppression (11) of n-point vertices by multiplying the generic structure (20) by an appropriate power of m V , which quantifies the soft scale Q according to (8) .
As further constraints we demand the correct scaling behavior in the large-N c limit and the correct dimensionality of each term of the chiral Lagrangian.
We consider a generic vertex of the form
Furthermore we introduce a characteristic dimension
which leads to the suppression of n-body forces as expected from large-N c QCD. Terms involving χ ± , which contain the quark-mass matrix, can be included by χ ± ∼ D 2 . Similarly any external field can be treated with f
With (21) we wish to estimate the natural size of the vertex. All dimensionful scales are pulled out of the vertex such that the residual dimensionless coupling constant is expected to be of order one, which is the naturalness assumption.
The scale
is supposed to quantify OZI violations [36] [37] [38] . The degree of OZI violation is measured by the number of independent flavor traces n t in the vertex [27] . The general result (21) makes the large-N c scaling of a generic interaction term explicit. It follows from the scaling behavior of f V , Λ OZI , Λ hard and m V as given in (10, 13, 17, 23) .
The naturalness assumption (21) distinguishes between two cases. For n d + d v − 2 n t < 0 the dimension of the vertex must be carried by the typical vector-meson mass m V . Positive powers of the hard scale Λ hard cannot occur, since that scale reflects modes that are integrated out. There is no other scale but m V to provide the correct dimension of the vertex.
What are the consequences of the suggested naturalness estimate (21)? We have to make an assumption on the typical size of Λ OZI . If we assume Λ OZI ∼ Λ hard , the effective power of a generic interaction term is Q nq with
In application of (24) we obtain at order Q 2 four terms
relevant for the two-point functions. The order-Q 2 terms relevant for higher n-point functions will be presented below after the inclusion of the pseudoscalar degrees of freedom. The three terms contributing to the free Lagrangian of the vector mesons are precisely the terms suggested in our previous work [13] . The parameters m V 0.764 GeV and b D = 0.92 ± 0.05 can be adjusted to recover the empirical vector meson masses. The leading terms (25) predict degenerate masses of the ω and ρ mesons. A second mass term involving two flavor traces would contribute at order Q 4 . It receives an additional suppression factor m
Using the empirical mass difference of the ω and ρ mesons suggests
in support of our working assumption. The parameter
MeV (27) is determined by the electromagnetic decay processes ρ 0 → e + e − , ω → e + e − and φ → e + e − ; see e.g. [13] where a slightly different notation has been used. The present notation displays the power counting explicitly.
Given Λ OZI > Λ hard we conclude that in our theory with vector mesons only the infinite hierarchy of interaction terms starts at order Q 2 . There is no term counted as order Q 0 . This is precisely what is required to render loop effects perturbative in an effective field theory (see e.g. [16] ).
Naturalness assumption in the pseudoscalar-meson sector
How to proceed and include the pseudoscalar fields? Consider first a generic vertex not involving any vector-meson fields,
composed out of n d derivatives D µ and n u pseudoscalar nonet fields U µ and n h pseudoscalar flavor-singlet fields H. The characteristic dimension is
Again, the degree of OZI violation is measured by the number of independent flavor traces n t in the vertex. The presence of any H field is accompanied by an additional suppression factor 1/N c . However, according to Witten [34] the suppression factor 1/N c is counter balanced by the flavor-enhancement factor 2 N f . Therefore we identify
in (28) . While α H approaches zero at large N c , due to the flavor enhancement we have α H 1.2 at N f = N 3 = 3. This suggests to count α H ∼ Q 0 . The general result (28) makes the large-N c scaling explicit. We emphasize that the correct large-N c scaling of the vertex is reproduced by the leading scaling behavior of f , α H , m H and Λ OZI , Λ hard as given in (10, 13, 16, 23, 30) .
The naturalness assumption (28) discriminates four different cases. The first two cases with n u = 0 are analogous to the previous consideration (21) for the vectormeson sector. The presence of any field H is accompanied by the factor α H as to recover the correct large-N c scaling behavior of the vertex. For n d − 2 n t < 0 the dimension of the vertex must be carried by the typical mass m H . Positive powers of the hard scale Λ hard cannot occur, since that scale reflects modes that are integrated out. There is no other scale but m H to provide the correct dimension of the vertex. The last two cases in (28) with n u = 0 are an almost trivial adaptation of the first two cases. The extra factor N c /2 for n u = 0 is required to recover the correct large-N c scaling of such vertices.
We consider the consequences of the naturalness assumption (28) . First we explore the leading-order contributions to the two-point functions of the pseudoscalar mesons. There are 6 terms altogether
where we recall our normalization conventions
for the singlet and octet fieldsη 1 and η 8 . This leads to the conventional mixing scenario with one mixing angle; see e.g. the discussions in [3, 33, [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . After the diagonalization of the singlet and octet fields the parameters m H and b H can be dialed as to recover the empirical η and η masses. For the mixing angle one obtains
The parameter f H does not affect the mixing angle. It enters the determination of the η and η masses
For given value of f H the parameters b H and m H are determined by the empirical values for the η and η masses. The effect of the parameter g 0 cannot be discriminated from the effect of the parameter m H and therefore cannot be determined here. Note for instance that the choice b H = 0 and f H = f will not allow for a precise reproduction of the empirical masses and therefore a different value of the mixing angle may arise [3, 33] . For the empirical masses of η and η one would recover from (33) the value θ ≈ −11
• [3] . Even though the mixing angle appears to be determined by the empirical η and η masses, it is important to estimate its uncertainty. In Fig.  2 we show the relative deviation of the η and η masses from their empirical values as a function of the mixing angle θ. Here the squared sum of the η and η masses is kept at its empirical value. The figure shows that the mixing angle has a large uncertainty. If one accepts an uncertainty in the meson masses at the level of 3%, the mixing angle is compatible with zero degrees. On the other hand, a 3% deviation of the empirical values from the meson masses obtained in our leading-order approach is surely acceptable. In the following, we treat the mixing angle θ as a free parameter which will be determined from radiative vector-meson decays. It will turn out that the resulting value for θ is in the acceptable range depicted in Fig. 2 .
The sector of η and η exhibits a rich phenomenology [3, 33, [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] ] not all of which can be captured by our leading-order approach of the present work. The kinetic parts of our Lagrangian (31) are diagonal in the octetsinglet basis. Therefore we have one mixing angle to obtain the physical states η and η from the octet and singlet isoscalar states, see (32) . Expressed in the flavor basis (with an η q made out of up and down quarks and a purely strange η s ) the kinetic terms of our Lagrangian would contain non-diagonal parts. This implies two mixing angles in the flavor basis, but, of course, with a fixed correlation between the two mixing angles (the number of parameters cannot change by changing the basis). This agrees with the leading-order result of large-N c chiral perturbation theory [10, 33] , but contrasts to phenomenological analyses which suggest two mixing angles for the octet-singlet basis, but seem to be compatible with one mixing angle in the flavor basis (see e.g. [47] ).
Such phenomenological analyses are based on data from two-photon decays of pseudoscalars and vector- [10, 33] and even then is not in full agreement with the phenomenological extraction [47] .
In addition, the two-photon decays of pseudoscalars are accessible in our framework only at order Q 4 and involve loop diagrams with vector mesons. These decays are the primary source of information in phenomenological analyses. In contrast, the decays which we can access by a leading-order calculation are the vector-meson decays into a photon and a pseudoscalar meson. We will find in the next section a rather small mixing angle by studying these decays. This is significantly different from the phenomenological approaches which extract two mixing angles, both larger than what we find. Whether a next-to-leading-order calculation in our framework brings the parameters closer to the present phenomenological results or adds new aspects to the phenomenological analyses, e.g. by loop effects which cause an energy dependence of the mixing angles, remains to be seen. However, it would not be reasonable to include by hand into a leading-order calculation some effects which are beyond leading order. Therefore, we stick to a purely leading-order calculation in the present work and use the obtained leading-order parameters for further predictions.
Leading-order effective Lagrangian in the hadrogenesis conjecture
We are now well prepared to present our naturalness assumption for a vertex involving vector and pseudoscalar
where we rely on m H ∼ m V and the generalization of (22) and (29) for the characteristic dimension
Again we suppress the Lorentz and flavor structure in (35) .
The interaction terms given in (35) scale with Q as
We recall that n d counts the number of derivatives, n u the number of U µ fields, n V the number of vector-meson fields Φ µν , n H the number of explicit pseudoscalar flavor-singlet fields H, and n t the number of separate flavor traces in the sector of U µ and Φ µν fields. Obviously, n t ≥ 1 if n u = 0 and/or n v = 0. Consequently there are no terms with n q < 2.
As an application of the naturalness assumption (35) we work out the leading-order three-point vertices. Technically one can use the developments of [49] [50] [51] to construct a complete set of terms. Altogether we find 8 terms of order Q 2 ,
where five terms have been suggested already in our previous work [13] . Two out of the three new terms involve the H field. The remaining new term is proportional to h O and contributes for processes where at least one vector meson is off-shell. In order to have a more transparent realization of our counting rules we have modified our previous notation. Given the notation of (38) the counting is straightforwardly implied by m
We turn to the four-point vertices. A complete list of terms at order Q 2 is
where the first two terms have been constructed already in our previous work [13] . Note that the terms (25, 31, 38, 39) form together the complete leading-order Lagrangian of our approach. It is of order Q 2 , which allows for a perturbative treatment of loop contributions. One-loop diagrams start to contribute at order Q 4 . This is in contrast to a strict large-N c counting [10] where inverse powers of f are treated as a soft scale. In such a scheme loops contribute only at next-tonext-to-leading order. In our approach the large-N c suppression of n-point vertices (11) has been mapped on the soft scale m V ∼ m H in the naturalness assumption (35) . Inverse powers of f , f V or f H are not treated as soft in the final power counting (37) .
We emphasize that, on the one hand, multiple-trace terms do not contribute at the same order as single-trace terms for the Q 2 counter terms. This reflects the phenomenological OZI rule. On the other hand, multiple-trace terms do contribute at subleading order Q 4 , as is required to renormalize the effective Lagrangian in perturbation theory. According to the naturalness assumption (35) all terms involving four U µ fields are of order Q 4 , like they are in the Gasser-Leutwyler Lagrangian. In fact all the 10 subleading-order terms of the conventional chiral Lagrangian turn relevant at the same order Q 4 in our scheme. This includes all terms with two flavor traces and is in line with the finding [2, 6] that the size of the symmetryconserving counter terms can be estimated by tree-level exchange processes of the vector mesons, if interpolated by antisymmetric tensor fields. Once vector-meson fields are included explicitly in the chiral Lagrangian the residual counter terms have a much reduced size as compared to the estimates of Gasser and Leutwyler [2, 3] . Indeed in a recent coupled-channel computation based on our Lagrangian truncated at the order Q 2 , the empirical phase shifts for pion and kaon scattering were reproduced quite accurately without the need of tuning any free parameters [21] .
We stress again that a strictly perturbative application of our Lagrangian would not always lead to meaningful results. The dynamical generation of states requires a coupled-channel framework where rescattering effects are resummed to all orders. Only for the two-particle irreducible scattering kernel and not for the scattering amplitude a perturbative expansion can make sense. Yet there is a regime where one can expect that the rescattering effects are less important than for the scattering region, namely the low-energy regime of particle decays. Therefore, the strategy is to determine as many parameters as possible by matching perturbative calculations of decay amplitudes to experimental data. In addition, one can obtain predictions for other decay processes which further test the proposed power counting scheme. Of course, one always has to check that rescattering effects are really subdominant for the considered decays [28, 29] . This strategy provides input parameters for the coupled-channel calculations relevant for the scattering regime [21] . Explicit next-to-leadingorder calculations including loops are postponed to future works. At present we focus on phenomenological consequences of our leading-order Lagrangian.
Transition form factors for radiative decays
The transition matrix element for the decay of a vector meson V into a pseudoscalar meson P and a dilepton l + l − can be parametrized as [52] 
with a form factor f V P (q 2 ). Here, q and k are the fourmomenta of the virtual photon and the pseudoscalar meson P , respectively. The wave function of the vector meson is ε α (q + k, λ) and u(q 1 , λ 1 ), v(q 2 , λ 2 ) denote the wave functions of the two leptons with their respective fourmomenta q 1,2 .
The double-differential decay rate of the decay of a vector meson V with mass M V into a pseudoscalar meson P with mass M P and a dilepton l + l − is given as [53] 
The single-differential decay width [52] dΓ
is obtained by integrating (41) in the kinematically allowed region. It includes the lepton mass, m l , and is normalized to the partial decay width for the decay into a real photon. The normalized form factor F V P (q 2 ) is equal to 1 at the photon point q 2 = 0. The result (42) is applicable for the case with M V > M P . In the opposite case with M P > M V the decay P → V l + l − may be possible and an expression analogous to (42) 
which reflects the different spins of vector and pseudoscalar mesons. The form factor f V P (q 2 ) is universally defined by (40) .
In this work we consider five decay processes characterized by their form factors
with
The ρ-meson propagator [28] is
with an energy-dependent width. The on-shell width, Γ 0 , of the ρ meson is approximately equal to 150 MeV [53] . The ω and φ meson propagators S ω (q 2 ), S φ (q 2 ) in (44) are taken in the constant-width approximation.
The empirical decay widths [53] of the processes ω → π 0 γ, ω → η γ, η → ω γ, φ → η γ, and φ → η γ imply the matrix elements
evaluated at the photon point with q 2 = 0. We adjust the five parameters h A , b A , h H , e H and θ to the five empirical decay amplitudes (47) for a given choice of the parameter f H . Strictly speaking we determine in this way the parameter combinations f V h A , f V b A , . . . as can be seen from (44) . For f V we use the central value given in (27) . The central values of the empirical amplitudes (47) can always be reproduced exactly. Since the phases of the decay amplitudes are not determined by the five decay widths there exist 2 5 distinct solutions reflecting the various phase choices. Using the phase convention of our previous work [13] with h A > 0 there remain two physical relevant scenarios only. We reject solutions with unnatural large parameters that rely on significant cancellation effects. In the two relevant scenarios we find the parameters
independent on the choice of f H . This follows from the independence of the three octet amplitudes f ω π 0 , f ω η8 and f φ η8 on the parameter f H . While the parameter h A is mainly determined by the ω → π 0 γ decay, the parameter b A is required to reproduce the φ → η γ decay. The decay ω → η γ then requests our small mixing angle in (48) . We observe that the mixing angle comes at a value that is quite compatible with the empirical η and η masses. According to Fig. 2 the deviation from the empirical masses is less than 3% for either sign of the mixing angle. The theoretical error bars in (48) are determined such that the χ 2 /N of the five considered decays remains smaller than 1 if any single parameter is varied within the suggested error interval.
We turn to the remaining two parameters h H and e H , which are essentially determined by the two decay processes involving the η meson. We find
where the signs in (48) and (49) are correlated. This implies for instance that for the negative mixing-angle scenario the parameters e H and h H are positive for f = f H . We note that we rejected a pair of solutions where the coefficients in front of the f H terms in (49) are about three times as large as in our natural solutions. Since so far there is no means in our scheme to determine the parameter f H , in the following we assume a natural range with
where we recall that f H → f in the limit of a large number of colors. For the upper limit used in (50) one finds f H ≈ f V , cf. (27) . As we will see below, electromagnetic transition form factors of vector to pseudoscalar mesons could provide a tool to further constrain the value of f H . For the parameter determination we did not include the π γ decay of the ρ meson. The decay amplitudes of the ω and ρ decays transform into each other upon the interchange of the ρ and ω mesons. The result is compatible with the available data. Since the data involving the ω have smaller error bars there is no point to use the ρ-meson decays in the parameter determination.
We have not used K * → K γ decays [53] to determine our parameter set. The large width of the K * makes it very difficult to extract a model-independent branching ratio. Given the values for f V , h A and b A in (27, 48) the PDG value for the K * 0 → K 0 γ decay is reproduced within our theoretical uncertainties. However, the empirical ratio
cannot be reproduced in this leading-order computation. The theoretical ratio in (51) cannot be changed by any variation of our parameters (see also the discussion in [43, 44] ).
As already announced at the end of subsection 2.4 our leading-order mixing angle given in (48) is significantly smaller than what is extracted in phenomenological analyses [40, 41, 47] . In appendix A we show that the use of a larger mixing angle in our leading-order treatment would lead to a much worse description of the real-photon decay amplitudes (47) . Therefore we stick to our rather small mixing angle for the following form factor predictions.
Decay ω
In the top panel of Fig. 3 the normalized form factor of the ω → π 0 l + l − transition is plotted for the central values of the parameters h A and b A as determined from the photon decays in (48) . The figure also shows the singledifferential decay width for the decays ω → π 0 µ + µ − (bottom) and ω → π 0 e + e − (middle). The solid lines are our leading-order result, the dotted lines recall the implications of standard vector-meson dominance (VMD)
VMD predictions and possible deviations have also been discussed in [55, 56] . The NA60 data [54] are described with a χ 2 /N 1.8 in our approach. This should be compared to the χ 2 /N 4.8 of the VMD model. We also find a good agreement of the calculated partial decay widths for the decays [53] into dielectrons Γ ω→π 0 e + e − = (6.85 ± 0.21) · 10 −6 GeV ,
and dimuons where the theoretical error is implied by the parameter variation suggested in (48) .
As is clearly seen in Fig. 3 the form factor is probed more sensitively in the dimuon final state [52] . In case of the dielectron final state the integral of the differential decay width over the phase space is dominated by kinematical regions where the form factor has little effect. Therefore the difference of the VMD assumption and our results are more pronounced in the partial decay width of the ω meson into the π 0 µ + µ − final state. There is no visible difference between the form factor calculated here and in our previous work [29] . The slightly different parameter set (h A = 2.32, b A = 0.27) of [29] implies a χ 2 /N 1.7. The ratio between the term proportional to b A and the one proportional to h A in (44) is between 0.01 and 0.02 in the allowed kinematic region and therefore a change of b A has little effect on the χ 2 . The differences also would be invisible in Fig. 3 .
We find it an encouraging result that our power counting as formulated first in [13] predicted the relevance of precisely those terms in the effective Lagrangian that later [29] lead to a quantitative description of the NA60 data [54]. Fig. 4 the normalized form factor for ω → η l + l − and the differential decays into dimuons and dielectrons are plotted. The solid and dashed lines show our predictions for negative or positive mixing angle, respectively. They are compared to the dotted lines which are implied by the VMD picture. As the transition ω → η l + l − can only happen via a virtual ω meson (assuming OZI suppression), the VMD form factor equals
Decay
In contrast to the transition ω → π 0 l + l − the form factor for the ω → η l + l − transition depends on the parameters h H , e H and f H . However, given the smallness of our mixing angle in (48) the influence of those parameters is quite small. According to (44, 45) only the singlet amplitude f ω η1 depends on h H , e H and f H . The small widening of the solid lines are implied by a variation of the parameter Fig. 4 illustrates a significant deviation of our predictions from the standard VMD picture. While the form factor and the differential decays into dimuons is highly discriminative, the dielectron final state appears less sensitive to the details of the transition form factor.
We predict the following partial decay widths Γ ω→η e + e − = (2.88 ± 0.22) · 10 −8 GeV ,
where we estimated the theoretical error by a variation of our parameters according to (48, 49, 50) . As there are no experimental data available for the decays into dileptons, our calculations must be seen as predictions. For the Normalized transition form factor of the decay ω → η l + l − (top). Single differential decay widths for the decays ω → ηe + e − (middle) and ω → ηµ + µ − (bottom). The solid and dashed lines show our predictions using the central values of (48, 49) and the variation implied by (50) . The dotted lines display the VMD result (55).
corresponding branching ratios we predict
Br ω→η e + e − = (3.39 ± 0.26) · 10 −6 ,
3.3 Decay φ → η l + l − In Fig. 5 the normalized form factor for φ → η l + l − and the differential decays into dimuons and dielectrons are plotted. The solid and dashed lines show our predictions for negative or positive mixing angle, respectively. They are compared to the dotted lines which are implied by the VMD picture. As the transition φ → η l + l − can only happen via a virtual φ meson (assuming OZI suppression), the VMD form factor equals
A deviation from standard VMD is visible in the form factor and the single-differential decay widths for the decays into dimuon and dielectron. Like in the ω → η l + l − decay the uncertainty of our prediction is quite small, at least the one emerging from the variation of f H as given in (50) . This is because the form factor is dominated by its octet component, which does not depend on the parameters h H , e H and f H . The calculated form factor is compared to data taken at the VEPP-2M collider [57] for the decay φ → η e + e − . As the error bars of the data are relatively large they are not very discriminative. In the near future data with much smaller error bars are expected from the KLOE collaboration.
Integrating the single-differential widths for the decays into a dielectron or a dimuon yields the values Γ φ→η e + e − = (4.81 ± 0.59) · 10 −7 GeV ,
with uncertainties estimated according to (48, 49, 50) . Our results are in good agreement with the experimental constraints [53] Γ exp.
φ→η e + e − = (4.90 ± 0.47) · 10 −7 GeV , Γ exp.
Given our small mixing angle θ, according to (48) , the results of the three so far considered electromagnetic transitions ω → π 0 , ω → η and φ → η do not deviate much from our previous analysis [29] , where the η meson has been treated as a pure octet state. In the following, we will study decays which involve the η . Such processes have not been studied so far with our chiral Lagrangian since the inclusion of the pseudoscalar singlet has only been achieved in the present work.
The form factor for the φ → η e + e − transition tests our counting scheme in the η sector. The two parameters h H and e H introduced in the hadrogenesis Lagrangian (38) have a significant impact on the associated photon decay φ → η γ. In Fig. 6 we present our prediction for the form factor and the single-differential decay width for the decay into a dielectron. As the upper limit of the allowed kinematic region, m φ − m η = 61 MeV, is smaller than the mass of a dimuon, 2 m µ = 212 MeV, a decay into a dimuon is not possible.
Using OZI suppression, which is incorporated in our leading-order Lagrangian, a decay of a φ meson into one of the isospin-singlet η states can only happen via a virtual φ-meson. Correspondingly, the standard VMD form factor depends on the φ-meson mass only and is the same as for the φ-meson decay into an η meson (58). Owing to the existence of two distinct solutions (49) the form factor in Fig. 6 shows two branches. Both branches differ from the implications of the VMD picture. Our scenario with a negative mixing angle shows a significantly smaller difference. The thick boundary lines of the two branches give the results with the particular choice f H = f . Since the form factor does not significantly deviate from 1 in the allowed kinematic range all the distinct curves in the top panel of Fig. 6 lead to the same line for the single-differential decay rate. In view of the very small deviations of the form factor from unity an experimental discrimination of the presented scenarios is extremely challenging for this decay process. The integrated decay width is given by
The corresponding branching ratio is
Br φ→η e + e − = (3.25 ± 0.70) · 10
Since there are no experimental data available, our result has to be seen as a prediction. As there is no significant dependence on the form factor, however, one merely would probe the prediction from quantum electrodynamics. The situation is significantly better for the transition of the η to the ω, to which we turn next.
A stringent test of our power counting is provided by the decay of the η into ω e + e − . Due to kinematic reasons there is no decay into a dimuon possible. The normalized form factor and the single-differential decay rate in comparison to the VMD picture are plotted in Fig. 7 . On account of the OZI suppression the vector VMD form factor is
For this decay the uncertainties in the parameters f H yield a significant uncertainty of our prediction visualized by the bands in Fig. 7 . For all parameter choices, however, the form factor shows a significant difference to the VMD implications. The two branches in the form factor reflect the two distinct parameters sets (49) . The negative mixingangle solution predicts a form factor that is closer to the VMD result, in particular for the choice of a small f H ≈ f . This choice is highlighted by the thick lines at the edges of the bands. A precise measurement of the from factor would help to determine the wave-function normalization of the η meson, i.e. the magnitude of the f H parameter. Possibly the BES-II experiment might have enough statistics on η decays to determine the transition form factor of η → ω.
For the integrated width we predict
with a theoretical error as implied by (48, 49, 50) . This leads to a branching fraction of Note that the corresponding prediction of the VMD picture is within our error bars. While the integrated width is not very sensitive to the unknown size of f H , a precise measurement of the differential width at dielectron masses around 140 MeV could be discriminating.
Summary
We have constructed a chiral Lagrangian with vector-meson fields and the η field. A generalized counting scheme has been introduced that considers the nonets of vector and pseudoscalar degrees of freedom as light. It has been argued that such an assumption can be justified with the hadrogenesis conjecture, which would imply a significant mass gap in the meson spectrum of QCD in the large-N c limit. In application of our counting scheme we constructed the complete leading-order Lagrangian, where an explicit realization of the underlying naturalness assumption was provided. Our Lagrangian systematizes and extends our previous studies that did not involve the η field [13, 28, 29] .
We do not claim that we have already a systematic power counting or that the suggested counting rules can by justified by large-N c arguments. Clearly, a detailed study of loop effects is necessary before such a claim can be made. The logic of our work is not that large-N c can justify our counting rules, rather we formulate our dynamical assumption in the large-N c context of QCD. The conjectured scale separation in the large-N c meson spectrum is motivated by phenomenology [18, [22] [23] [24] [25] .
As an application of our leading-order Lagrangian we studied the electromagnetic transitions of vector to pseudoscalar mesons. Adjusting the five relevant leading-order parameters we have reproduced the empirical decay rates of ω → π 0 γ, η γ, of φ → η γ, η γ and of η → ω γ for real photons in the respective final state. As a striking consequence we have found an unconventionally small mixing angle θ ±2
• of the η-η system. Phenomenological analyses prefer a two-mixing-angle scenario with significantly larger mixing angles [40, 41, 47] . Going beyond leading order in our scheme provides us with the possibility of two mixing angles. It remains to be seen whether such a full next-to-leading-order treatment including loops leads to a sizable change of the mixing angle(s) and/or adds new aspects to the phenomenological analyses.
Given our parameter set we predicted the electromagnetic transitions of vector to pseudoscalar mesons. For all electromagnetic transition form factors we find significant deviations from the expected behavior of the vectormeson dominance (VMD) model. As in [29] the description of the data for the ω → π 0 transition form factor measured by the NA60 collaboration [54] is much better than the description with the standard VMD form factor. Furthermore, for all decays the branching ratios of the decay widths into dileptons agree very well with the available experimental ratios. Quantitative predictions for the so far unknown decay rates ω → η e + e − , ω → η µ + µ − , φ → η µ + µ − , φ → η e + e − and η → ω e + e − and the corresponding form factors have been provided.
A Parameter determination for a fixed η-η mixing angle
As pointed out in subsection 2.3, the leading-order contributions to the two-point functions of the pseudoscalar mesons (31) can be used to determine the η-η mixing angle θ (in leading order) as a function of the empirical η and η masses yielding θ ≈ −11
• . Naively one might think that, if the mixing angle is fixed, the empirical matrix elements of the five two-body decays ω → π 0 γ, ω → ηγ, η → ωγ, φ → ηγ and φ → η γ can be used to determine the five open parameters h A , b A , e H , h H and f H needed to calculate the radiative decays in section 3. However, this is not the case. For a given mixing angle, decays including the η or η meson can be rewritten into formal decays for the octet and singlet states η 8 and η 1 , respectively. These formal decay amplitudes are defined as (cf. (45)) f ω η8 = f ω η cos θ + f ω η sin θ , f φ η8 = f φ η cos θ + f φ η sin θ ,
One gets three formal decays not involving the singlet state, ω → π 0 γ, ω → η 8 γ and φ → η 8 γ, and two involving only the singlet state, ω → η 1 γ and φ → η 1 γ.
The strategy is to use the theoretical formulae (44) for the left hand side of (66) (evaluated for the photon point q 2 = 0) and the experimental numbers of (47) for the right hand side. The three decays not involving the singlet state depend only on the two parameters h A and b A and are used to determine those. Of course, the signs of the amplitudes on the right hand side of (66) are not determined by the respective decay widths, see (47) . Yet, it is not possible to fit all three decays in good agreement with the experimental data. 2 In view of these facts, we decided to use the mixing angle θ as an additional parameter to describe the three decays not involving the singlet state. This is discussed in the main text.
Additionally, one has only two decays involving the singlet state η 1 which has to be used to determine the remaining three parameters e H , h H and f H . Thus, one needs additional data to fix all parameters. In the main text we have determined all parameters except for f H . 
